x0. Introduction.
corner-stone for the development of harmonic analysis on G. One of the somewhat heretical points we w ould like to emphasize is that what is usually known as`nonabelian harmonic analysis on a group G' is largely equivalent to`abelian harmonic analysis on the commutative h ypergroup K(G)'. In fact this seems to have b e e n Frobenius' original orientation-representation theory came later.
This insight opens up the possibility of a re-evaluation of harmonic analysis on general groups -for a discussion of the implications for Lie theory, see Wil2] .
So what is a nite commutative h ypergroup? We will give a precise mathematical de nition in the next section here is a precise physical de nition. A nite commutative h ypergroup is a nite collection of particles, (strictly speaking, particle types) s a y fc 0 c 1 c n g, which are allowed to interact by colliding. When two particles collide, they coalesce to form a third particle. The results of collisions are however not de nite if we collide c i with c j the probability of emerging with the single particle c k is n k ij and is xed. The particle c 0 is absorbed in any collision-we call it a photon. Each particle has an anti-particle which is uniquely speci ed by the following rule: collision of two particles has a non-zero probability of resulting in a photon if and only if the two particles are each others anti-particles. Particle interactions are independent of their order in time or their position in space. The structure of the entire system is thus determined completely by the probabilities n k ij which are invariant u n d e r i n terchange of all particles with their antiparticles.
At this point the reader unfamiliar with hypergroups is encouraged to write down mathematical axioms that correspond to the above.
This simple physical description already makes it clear ( at least to this author) that hypergroups are important objects. Although no claim is made that real particles interact exactly as above what is true is that physicists have long had need of mathematical models which behave this way -this is one reason at least for the ever popular role of group representations in physics. The general theory provides physicists with a whole variety of other models for such interactionsmodels arising from other aspects of group theory, from combinatorics, number theory, V on Neumann algebras, graph theory and quantum groups.
When we come to discuss the harmonic analysis of such objects, we will need to introduce more general objects-so-called signed hypergroups (these were originally called ensembles in Wil1] ). From a physical standpoint, this means nothing more than letting the probabilities n k ij become negative (or greater than 1). While such a suggestion may seem drastic, the mathematics more or less forces it upon one. This may p r o vide some additional motivation for considering the potential role of negative probabilities in physics-an issue already raised by F eynmann Fe].
The outline of this paper is as follows.
In x1 w e i n troduce the basic objects of interest and some of the main motivating examples. Although we are primarily interested in nite commutative h ypergroups, both for the harmonic analysis and applications it is necessary to consider somewhat more general objects. We t h us proceed in a very open ended fashion by rst introducing`generalized hypergroups' and then proceeding to the more specialized case of`signed hypergroups ' and`hypergroups'. x2 introduces the basic setup for harmonic analysis on a signed hypergroup.
Restricting one's attention to hypergroups does not exactly lead to a workable theory, as already recognized by Dunkl, Jewett, and Spector, since the dual of such an object is not in general also a hypergroup. When we go to signed hypergroups, however, these problems disappear and one has a theory of duality and Fourier transform almost as pleasant as that for nite abelian groups.
In x3 w e discuss the important relation with nite group theory, illustrate the situation explicitly with the case of S 3 , and describe some interesting results of Arad and Blau, and of Arad, Fisman and Blau on products of group characters which were proven in the hypergroup framework and thus hold in much greater generality.
In x4 w e i n troduce the connection with distance regular graphs, random walks on graphs, and the theory of strongly regular graphs. Again we try to illustrate the main ideas through examples. We mention the connection with systems of orthogonal polynomials and nite measures on the real line.
In x5 w e show that the classical theory of cyclotomy contains implicitly the study of certain`integral' hypergroups with a cyclic symmetry in the structure constants. These structure constants are closely related to the numbers of solutions of Diophantine equations of`Fermat' type. A rigidity result of the author is presented.
In x6 we discuss association schemes. These are very general combinatorial objects which include many of the previous examples as special cases. Roughly speaking these are hypergroups having renormalizations which can be realized by 0 1 matrices. This subject has been highly developed by algebraic combinatorialists and is a rich source of examples and results.
In x7 we present a connection with Information Theory, de ne the entropy of a general element i n the algebra of a hypergroup, and state a version of the Second Law of Thermodynamics due to the author that asserts that entropy is nondecreasing in particle collisions. An application to multiplicities of group representations occurring in a tensor product is given.
In x8 w e brie y indicate how h ypergroups arise from the study of inclusions of 1 factors and the Jones index theory. The types of hypergroup that occur in this context have been studied by McMullen M] , McMullen and Price MP] and Sunder Su] and are very similiar to objects called fusion rule algebras by p h ysicists.
Fusion rule algebras arise naturally in 2D conformal eld theories, and in particular nite ones appear in the`rational' eld theories. x9 attempts to give a brief introduction to these objects and show h o w they may be viewed mathematically as arising from the representation theory of a ne Lie algebras, from the truncated tensor products of representations of a quantum deformation of a classical envelopping algebra when q is a root of unity, or from the superselection sector theory of the C -algebra of observables.
Some open problems are distributed throughout the article.
Obviously because of the range of topics treated we can not hope to be more than sketchy in many places, and unfortunately can not mention all the people who have contributed to various aspects of the subject. It is hoped that the reader will use the references given to access the wider literature and that workers in di erent areas will perhaps be encouraged to compare their various diverse approaches and results.
x1. Basic de nitions and examples
A ( nite) generalized hypergroup is a pair (K A) where A is a *-algebra with unit c 0 over C We n o w i n troduce some broad classes of examples. Let G beany nite group with conjugacy classes C 0 = feg C 1 : : : C n : Identifying C i with the element P g2Ci g in the group algebra C G, we obtain structure equations 
(10) De ne an observable of K to be any element o f A of the form c i1 c i2 c i l .
We s a y a signed hypergroup has bounded observables if all observables are contained in a bounded subset of A. It is not hard to see that this is equivalent to requiring that j j (c i )j 1 for all i j. This set is thus closed under duality, and includes all hypergroups, for which the observables all lie in the compact set
(11) If a group H acts by automorphisms on a n i t e abelian group G, then it also acts on the dual group G^. Then we h a ve a canonical isomorphism of
x3. Connections with group theory.
We h a ve already seen that to any nite group there are canonically associated two h ypergroups, K(G) a n d K(G^). The fundamental fact here is
This means the character theory of the non-abelian group G is completely determined by the character theory of the commutative hypergroup K(G). So-called non-abelian' harmonic analysis is thus not so`non-abelian' after all.
As the familiar example with groups of order eight shows, K(G) does not determine G. However it does determine G if G is simple. Unfortunately this beautiful fact is only known via the classi cation.
Problem 1. Find a structural explanation (that is, independent of the classi cation) for the fact that G ! K (G) is 1 : 1 on the set of simple groups.
Let us illustrate with the simplest example. The symmetric group S 3 has con- The characters can be determined by simply staring at (3.1). We get the hypergroup character table Note that in the special case when K is hermitian, the right hand side becomes simply 2n. In the same direction we m e n tion the following result.
Theorem. (Arad , Fisman and Blau AFB] Problem 2. Describe K(S n ) that is, determine the structure c onstants as a function of triples of partitions of n. The structure o f K(Sn ) is known -this is of course also a function of triples of partitions. Explicit tables for the structure c onstants of K(S n ) for low n can be found in James and Kerber JK]. Problem 3. Complete the`atlas' of nite simple groups by writing down the structural equations of K(G) and K(G^) for each simple group G. x4. Connections with random walks and graphs.
We illustrate with an example. What is the probability of a random walk on the edge -vertex graph X of an icosahedron returning to the starting point after n steps? The graph X is illustrated in Fig. 1 , where all the outside vertices (marked ) are to be identi ed-so there are a total of 12 vertices and 30 edges. This problem is a standard application of group theoretic ideas, since the automorphism group G of the graph acts distance transitively. This means it commutes with the Laplacian of the graph and so the Laplacian may be diagonalized by decomposing the regular representation of G on L 2 (X) i n to irreducible subspaces. It seems that we need to know some of the representation theory of G.
In fact considerably less work is necessary from a hypergroup-theoretic view point. Let C i i = 0 3 be the sphere of radius i about the central point which we d e n o t e b y x 0 . We m a y convolve t wo such spheres in the same way one convolves spheres in R n . Let y be a random point of distance i from x 0 . Choose a random point z of distance j from y. Let n k ij be the probability t h a t z is of distance k from x 0 -a quantity in this case independent of the choice of base point x 0 . This de nes Somewhat more work using x2 F act 9 gives us the structure equations for K(X)^. A similiar analysis may be made with any of the Platonic solids (see Wil5] ) and in fact the associated hypergroup to another of them has already appeared in the previous section in a di erent c o n text.
Note that the element c 1 represents the Laplacian of the graph and that the character values j (c 1 ) are essentially the eigenvalues of the graph X (see Schwenk and Wilson SW] ). Even if this were our only interest, use of the full set of hypergroup equations simpli es the task of evaluating these eigenvalues.
The hypergroup K(X) exists for any distance transitive g r a p h X. More generally we s a y a graph X is distance r egular if the same procedure of convolving spheres is well de ned and produces a hypergroup K(X) independent of base point x 0 . Not all distance regular graphs are distance transitive. Distance regular graphs exist in profusion and arise in many c o m binatorial situations.
When the diameter of X is greater than two, there has been considerable progress toward a classi cation. When the diameter is two, the situation is also very interesting and leads to the theory of strongly regular graphs (see Hubaut Hu] , Cameron C] ).
A g r a p h X is strongly regular if there exist integers k such that i) X is regular of valency k ii) given any 2 distinct vertices x and y, t h e n umberofvertices adjacent to both x and y is if x and y are adjacent, and otherwise.
Such a graph is distance regular (it need not be distance transitive h o wever) with the corresponding hypergroup K(X) consisting of exactly three elements K(X) = fc 0 c 1 c 2 g. It is not hard to see that the structure equations are This simple but beautiful hypergroup deserves the name`Golden hypergroup' { its unique position in the family of all order three hypergroups is described in Wil7].
Not all parameters k correspond to strongly regular graphs. The two most important necessary conditions are known in the theory as the Integrality Conditions and the Krein Conditions (see Scott Sc] .) It is here that the hypergroup point of view shows its usefulness { the Integrality Conditions turn out to be just that the weights of the dual signed hypergroup K(X)^are integral, and the Krein Condition is simply that the dual K(X)^is actually a hypergroup. L e t u s n o w proceed to a less trivial example involving 2-planes in F n q (or lines in P G (n ; 1 q ).) Declare two planes to be adjacent if they intersect nontrivially. The dual hypergroup K(X)^= f 0 1 2 g may be renormalized by setting X j = !( j ) j to obtain Note the rather remarkable economy of this table.
The hypergroups K(X) associated to a distance regular graph X have a n i m p o rtant property. Clearly the element c 1 , the sphere of radius 1, plays a distinguished role -partly because of its connection with the Laplacian but also purely algebraically since the element c 1 c i can only contain terms involving c i;1 c i or c i+1 . This implies more generally that a product c i c j contains only terms c k with ji ; jj k i + j:
It further means that associated to the hypergroup there is a family of orthogonal polynomials on a nite set in R with respect to some measure.
Conversely, given a measure on R supported on a nite set Y R with jY j = n + 1 , we m a y construct in the classical way using Gram Schmidt orthogonalization a nite set of orthogonal polynomials say fP 0 P 1 P n g (see Szego Sz] ). Since we may ensure that the degree of P i is i, the span of the P i will be closed under multiplication on the set Y . This means that the set automatically forms a generalized hypergroup which is clearly real. We m a y make it normalized if all of the polynomials are nonzero at some y 2 Y . In this case we h a ve obtained a hermitian signed hypergroup. This construction is quite general. A natural question to ask at this point is the following.
Problem 4. What conditions on will ensure that the resulting signed hypergroup is in fact a hypergroup? For the (in nite) case of Jacobi polynomials, the exact range of positivity a n d the dual structure has been determined by Gasper Ga1], Ga2].
Let us remark however that the harmonic analysis of x2 holds whether or not positivity is present.
x5. Connections with Cyclotomy.
The classical theory of cyclotomy concerns itself with generalizations of quadratic residues and nonresidues and has been an important subject in number theory since Gauss. The connection with hypergroup theory has been described in Wil3], Wil4], which w e follow here.
Recall that if p is a prime, a quadratic residue is simply a nonzero square in Z p = f0 : : : p ; 1g i.e. an element of the form x = y 2 . The nonzero elements are divided equally into residues and nonresidues, and Gauss realized that it was interesting to compute the probabilities that two residues sum to a residue, or to a nonresidue etc. In other words, there is an order three hypergroup here whose coe cients are normalizations of the classical cyclotomic constants found by Gauss.
More generally if p ; 1 = kn, w e m a y divide Z p =f0g into n classes, one of which consists of the n th powers. That a hypergroup arises as a result can be seen by noting that the automorphism group of Z p is cyclic of order p;1, so it has a unique subgroup H n of index n. The orbits of H n on Z p consist of C 0 = f0g together with classes C 1 : : : C n , w h e r e C 1 consists of all the nonzero n th powers of Z p and where we m a y c hoose a labelling such t h a t (C i ) = C (i) for some generator 2 Aut(Z p ) and where is the permutation of f0 n g which xes 0 and rotates 1 n cyclically.
The corresponding hypergroup K = K(Z p H n ) = K(p n) is then as described in x1 and will furthermore exhibit an important cyclic symmetry in its structure constants namely n (k) (i) (j) = n k ij : As an example consider p = 1 3 a n d n = 3 . Then Our main result is a rigidity theorem.
Theorem. (Wildberger Wil4] BCN] for an introduction to this subject. Here we m ust make do with only the barest of de nitions and examples.
An association scheme with n classes is a collection of n + 1 subsets R i , i = 0 n of X X for a nite set X such that
(1) fR 0 R 1 R n g is a partition of X X. (2) R 0 = f(x x)jx 2 Xg. Thus the collection of matrices A 0 A n forms a positive generalized hypergroup with integral coe cients and if we renormalize by dividing A i by w i , w e get a h ypergroup. We m a y t h us think of an association scheme as a positive generalized hypergroup that may be realized by 0 1 matrices.
The algebra spanned by t h e A i is called the Bose Mesner algebra of the scheme.
A pleasant fact in this situation is that the dual (signed) hypergroup may b e realized by i n troducing the Hadamard or Schur (or pointwise) product of matrices. Unfortunately there is no reason to suppose that the dual signed hypergroup of an association scheme is also an association scheme-and in fact it generally is not.
A main example of an association scheme can arise with a transitive action of a group G on a set X. Fix a point x o 2 X and let H be the stabilizer of x 0 in G. Then X = G=H. The Hecke algebra is the subalgebra of C G generated by the probability measures on the H double cosets. It is also naturally identi ed with the space of functions on X which are invariant under H, and is commutative if I n d G H 1 is multiplicity free (in the Lie group case such a situation is referred to as a Gelfand pair). The characters of the Hecke algebra are then known as the spherical functions. In such a situation the orbits of G on X X form an association scheme, and the spherical functions can equally be viewed as the characters of the corresponding hypergroup. Group theorists refer to the Bose Mesner algebra as the centralizer algebra of the group action.
If X carries a G-invariant adjacency structure, then X is a distance transitive graph and the Hecke algebra is automatically commutative. Higman H] has studied when a nite homogeneous space can be given such a structure. See also Biggs Bi] for a discussion of distance transitive graphs, and Dunkl Du2] for a discussion of classical orthogonal functions which arise as spherical functions.
As an example, let W be a nite set and X be the collection of all order n subsets of W, w h e r e w e suppose that jWj = m n. De ne (x y) 2 R i if and only if x \ y has cardinality n ; i, for i = 0 1 n . This is called the Johnson scheme and is denoted by J(m n). The special cases J(m 2) are known as the triangular graphs.
There are many other interesting and wonderful examples connected with coding theory, group theory and other combinatorial structures-see the references above.
x7. Connection with Information Theory.
The probabilistic nature of a hypergroup makes it reasonable that information theoretic ideas may p l a y a role in the theory. We s h o w here brie y that they do, and state a Second Law of Thermodynamics for particle collisions in this context. (In fact this de nition makes sense for all a 2 A :) As a main result, we h a ve Theorem. (Wildberger Wil1] ) Let a b 2 conv(K) for a hypergroup K. Then
Furthermore the maximum possible value of E(a), a 2 conv(K), is log !(K), obtained w h e n a = e 0 .
As an application, we m a y unravel this theorem for the case K = K(G^) t o n d
Corollary. Let Note: this result appears to be new, but can also be established by use of the classical orthogonality relations. In particular it implies that the tensor product of a t wo dimensional representation with an arbitrary irreducible is either multiplicity free with at most four constituents, or is twice an irreducible.
Finally we should mention that notions from the theory of fuzzy systems could be potentially useful to hypergroup theory and vice versa. This might b e a n i n teresting connection to pursue.
x8. Hypergroups arising from inclusions of 1 factors.
Most of the hypergroups discussed so far have arisen from the subdivision of an underlying set into pieces that allow a convolution -thus the general theory of association schemes. Not all hypergroups that occur in applications are of this type however. One example has already been mentioned -K(G^). In this section and the next we deal with others.
One of the basic results of Jones Jo] 4 1): Ocneanu O] showed that by considering families of bimodules for M and N and their structure under tensor products one could associate to the inclusion M N a ner invariant than the index -an algebraic object which he called a paragroup-a certain type of generalized hypergroup in which the structure constants satisfy an integrality condition and come equipped with additional data called a connection. It turns out that there often exists a special element in the hypergroup whose multiplication matrix is the adjacency matrix of a graph. The graphs that arise in this way a r e i n timately related to the Bratteli diagram associated to the inclusion and under reasonable conditions are constrained in a very strong fashion by their possible norms. As a result, the graphs that appear in this theory are closely related to the classical Dynkin diagrams or Coxeter graphs and their a ne generalizations. Recently It turns out that the hypergroups studied here are very close to objects arising in conformal eld theory which p h ysicists call fusion rule algebras.
x9. Connections with fusion rule algebras and conformal eld theory. n + 1 = sin n + 1 :
The corresponding hypergroup character table has entries i (c j ) = sin (i + 1 ) ( j + 1 ) n + 1 sin n + 1 sin (i + 1 ) n + 1 sin (j + 1 ) n + 1 for 0 i j n ; 1.
This shows that the associated hypergroup K is isomorphic to its dual in this case.
It also reveals the usefulness of the hypergroup character A highest weight~ ofg is determined by a highest weight of g and a real numberk called the level , which is the scalar by which the central element c acts. Integrality ensures that k 0 m ust be a nonnegative i n teger and that must lie in a generalized`alcove' associated to a subgroup ofW determined by k. In particular there are only a nite numberofsuch modules of a given level.
It is this set of modules, associated to a given level k, which forms a fusion rule algebra under a modi ed tensor product (the ordinary tensor product would be additive on the levels). From a physical point of view, highest weight modules may be realized as operator-valued elds' on C which transform in a speci ed way under the conformal group (or in nitesimally, under the Virasoro algebra V ). This is due to the fact that such a module forg can be extended to a semi-direct product ofg and V (this is known as the Sugawara construction-see for example Fuchs Fu] , Kaku Kak] ). These elds, called primary, may be`multiplied' together by a suitable operator product calculus, and the result is a combination of primary elds with some other`secondary' elds. When these secondary elds are ignored, one obtains the fusion rules amongst the primary elds. When applied to g = sl(2) and k = n, we obtain the example above.
ii) Quantum groups For g a nite dimensional semisimple Lie algebra, the universal enveloping algebra U(g) m a y b e q-deformed to obtain U q (g), the quantum universal enveloping algebra (Drinfel'd Dr], Jimbo Ji] ). For generic q, the nite dimensional representation theories of g and U q (g) are isomorphic namely all nite dimensional modules of U q (g) are fully reducible, the irreducible nite dimensional modules of U q (g) are parametrized by the dominant integral weights of g, and the tensor product of modules decomposes into irreducibles with the same multiplicities as do the corresponding modules of g (see Rosso Ro] ).
For applications to physics however, one is interested in the non-generic situation when q is a root of unity. In this case, U q (g) is no longer semisimple, and its representation theory becomes suddenly more complicated. The situation is simpli ed by passing somehow to a`semisimple quotient'-in practice one way of doing this is by i n troducing the notion of the quantum dimension of a module. The character of an irreducible module is given by a q-version of the Weyl character formula and it makes sense to evaluate it at a certain point in the Cartan subgroup to obtain the quantum dimension D = (ln qH ) for a certain distinguished element H . Now by considering only those modules such that D > 0, we obtain a nite collection of irreducibles. When we form the tensor product of two such modules and only count constituents appearing from this same set, we get a fusion rule algebra. This operation is known as the truncated Kronecker product. Furthermore if the root of unity is related in a certain way to the level k discussed previously, the fusion rule algebra obtained from this quantum group approach coincides with the earlier one obtained from the a ne Lie algebra and the level k. In the case of U q (sl(2)), the required relation is q = e i k+2 :
iii) Superselection sectors Let G be the gauge group of a quantum eld theory on space time and H the Hilbert space of physical states. The C -algebra of observables A acting on H decomposes H into a direct sum of subspaces called superselection sectors, carrying inequivalent representations of A. There is then a`composition' of sectors which is akin to the tensor product of group representations and with this composition and a`charge conjugation', the set of sectors becomes a fusion rule algebra.
iv) Representations of Lie groups
Finally we mention another way of looking at fusion rule algebras. Consider the fusion rule algebra associated with sl(2) and the Dynkin diagram A n described above. Recall that the irreducible representations of S U(2) may b e l i s t e d as f 0 1 g with i j = ji;jj + ji;jj+2 + + i+j : At rst sight i t m i g h t appear that the A n fusion rule algebra is obtained from this in nite one by a suitable truncation, but closer examination reveals the connection to be more of a re ection -cancellation.
More precisely, there is an ideal I n K (S U(2)^) which is associated to a subgroup of the a ne Weyl group such that the quotient o f K(SU(2)^) b y I n is the fusion rule algebra.
There is in fact an analogous construction that works for general semisimple g and any l e v el k and provides a mathematically straightforward construction of the fusion rules described above. We hope to describe this elsewhere.
Problem 6. Clarify the relationships between these various approaches to fusion rule algebras.
